MAXIMAL SUBALGEBRAS OF MATRIX LIE SUPERALGEBRAS 

IRINA SHCHEPOCHKINA 

Abstract. Dynkin's classification of maximal subalgebras of simple finito dimensional complox Lie algebras 
is generalized to matrix Lie superalgebras, i.e., the Lie subsuperalgebras of QÍ(p\q). 



Introduction 
!>■ 
Q>^ ' 0.1. Dynkin's result. In 1951 Dynkin published two remarkable papers [DI], [D2], somewhat interlaced 

Q\ I in their theme: classification of semisimple subalgebras of simple (finita dimensional) Lie algebras and 

classification of maximal subalgebras of simple (finite dimensional) Lie algebras. These classifications are 
r^ I of interest per se; they also proved to be useful in the studies of integrable systems and in representation 

D ' theory. 

r^ \ According to the general ideology of Leites' Seminar on supermanifolds we have to generalize Dynkin's 

VO ' results to "classical" Lie superalgebras, i.e., to Lie algebras of polynomial growth "cióse" in a sence to simple 

ones. This problem was raised by A. L. Onishchik and D. Leites. In this paper (partly preprinted long ago 
[Shl]) I try to give the answer in a form similar to that of Dynkin's result. 

Let me first remind Dynkin's result. Let g be a simple matrix Lie algebra over C, i.e., sl(n), o{n) or 
^Nj ' sp(2n). In what foUows a "matrix" Lie (super) algebra means that the elements of the Lie (super) algebra in 

0^^ \ question is realized by matrices. Let V be the space of the standard (identity) representation id of q in the 

space of column-vectors. Let f) C g be a maximal subalgebra. Then only the foUowing 3 cases might occure: 

1) the representation of f) in F is reducible (we say that f) is reducible); 

2) í) is simple and irreducible (i.e., í) irreducibly acts on V); 
Q>^ \ 3) f) is irreducible but not simple. 

The answers in these cases are: 

1) \) can be described as the collection of all operators from q that preserve a subspace W C V. Hcre W 
can be arbitrary for q — sí case while for g — o{n) and sp(2n) the biliniar form _B on V^ preserved by g must 
qj I be either nondegenerate or identically zero on W. 

,S^ • 2) For practically every irreducible representation of a simple f) the image is a maximal subalgebra in a 

simple matrix algebra and Dynkin listed the exceptions. 

3) Here is the complete list of nonsimple maximal irreducible subalgebras (abbreviation for maximal sub- 
algebras which are irreducible): 

5^; s[(Fi)®s[(V2) in s[(Fi®F2) if dimT/2 >dimFi >2 

dimVi > 2, dimF2 > 3 
and dim V2 7^ 4 or 
dim Vi = 2 and dim V2 = 4; 
dim V2 > dim Vi > 2 

dim V2 > dim Vi > 3 
and dim Vi, dim V2 7^ 4. 

Diíñculties we encounter in superization of Dynkin's results l)-3) range widely: 

Superization of 1) to Lie superalgebras with Cartan matrix seem to be straightforward. Observe, how- 
ever, that among classical Lie superalgebras, as well as among infinite dimensional Lie algebras, we naturally 
encounter algebras which can not be described with the help of Cartan matrix. Such algebras possess, nev- 
ertheless, a system of roots that can be split into the disjoint unión of positive and negative ones and the 
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notion of a simple root is well-defined. For a description of systems of simple roots see [PS], [DP]. The corre- 
sponding gencrators are referred to as Chevalley generators. In the absence of Cartan matrix generators do 
not quite correspond to the simple-root vectors, see [LShl]; they are called generalized Chevalley generators. 
Clearly, parabolic subalgebras — distinguished by just ene missing generalized Chevalley generator — are 
maximal. Contrary to the naive expectations they do not exhaust all maximal reducible subalgebras even 
in matrix Lie superalgebras considered in [ZZO], whcrc a minor mistakc of [D2] is corrcctcd in passing. We 
will consider this case elsewhere [LSh2]. 

Superization of 2) was impossiblc untill recently. For a partail rcsult scc [Jl]. Now that Pcnkov and 
Serganova [PS] derived the character formula for any irreducible finite dimensional representation of a finite 
dimensional Lie superalgebra we can consider this problem and intend to do it elsewhere. 

Superization of 3) is what is done in this paper: the description the irreducible nonsimple maximal 
subsuperalgebras of matrix Lie superalgebras either simple or "classical" — certain algebras closely related 
to simple ones. 

Regrettably, a precise description of the maximal Lie superalgebras of type 3) is more involved than 
(already not very concise) Dynkin's description (*) above. Therefore, in order to grasp the formulation, we 
split it into several statements (Theorems 0.2.1-0.2.6). Still, a sufficiently transparent and comparable with 
(*) Main Theorem (below) singles out a small amount of contenders for the role of maximal subalgebras; 
these contenders almost always are, indeed, maximal. 

To make the paper readable we recall the list of classical matrix Lie superalgebras and the general 
background on superspaces (see Appendix 2). Assuming the reader is familiar with these notions, let us 
formúlate the result explicitely. 

0.2. Our result. Throughout the paper the ground field is C In order to formúlate our result, we need 
several notations listed under bullets. 

• Given two representations of Lie superalgebras Qí — > QÍ{Vi) we get a representation of the Lie super- 
algebra 01 02 — > flí(^i ^ V2) in the superspace V — Vi (E) V2 , called the tensor product of the given 
representations, setting 

51 +52 i-^gi® l + i®.g2 for 51 e 01, 32 e 02- (0.2) 

If both 01 and 02 contain the idcntity operators, the representation (0.2) has a 1-dimcnsional kcrncl. By 
£li ©02 wc will mean the imagc of the direct sum under the representation (0.2) if not both the 0^ are 
of type q. It is convenient to retain the notation 01O02 even in the absence of the kernel, i.e., when 

fllO02 =01©02- 

• If both the 0i are of type q the construction of 0i 02 is different. Namely, let Vq be a (1, l)-dimensional 

a b 



superspace and A C Mat ( 1 1 1 ) = Mat ( Vq ) the associative superalgebra of matrices of the form , j , where 

a, 6 G C Thcn the associative superalgebra C'{A) — the centralizer of ^ — consists of matrices of the form 
c cr 



I , where c, cí e C. Clearly, A ^ C{A). 

Observe that the Lie superalgebra q(n) can be represented as the tensor product gl{n\Q) (g) A of the Lie 
algebra 0[(n|O) by the associative superalgebra A. Thcn the space W of the standard representation of q(n) 
can be renresented a.s W = Wg (g) A in a, natural way: 

(g(g) ai){vu (g) 02) = 5 • w (8) 0102 for any g € QÍ{n\0),w e Wo,ai,a2 G A. 

Let now a superspace V be represented as V = Vi (^ A (^ V2, where dimVi = (ni,0),dimV2 — («2,0). 
Then a natural action p oí q(ni) q(n2) is determined in V: indeed, q(ni) acts in Vi (g) A, and q(n2) acts 
in^íg) V2 ^ C{A) (g) V2. 

In terms of matrices this action takes the form: 

The representation p has a one-dimensional kernel. Denote the quoticnt of q(ni) © q(íT.2) modulo this kernel 

by q(rii)Oq(n2)- 

• We often use a general notation aul{B) for the Lie superalgebra that preserves the bilinear form B. The 
Lie superalgebra aui{B) turns into either osp or pe depending on the parity of B. 

• Denote by f)ei(0|2n) the Heisenberg Lie superalgebra with 2n odd generators of creation and annihilation, 
i.e., the Lie superalgebra with odd generators ^1, . . . , ^„; 771, . . . , ?;„ and an even generator z satisfying the 
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relations 

The only irreducible finite dimensional representation of l)ei(0|2n) that sends z into tlie identity operator is 
realized on the superspace A(n) — A(^) by the formulas Ci ^'^ ^ít Vi '^ 9i — -Á-. 

The normalizar of f)ei(0|2n) in Q{{K{n)) is g = í)ei(0|2n) 5 o(2n); we can realize g in the spacc of the spinor 
representation of o(2n) by the foUowing differential operators: g = Span(l; £_, d; £,£,, í,d, dd). 

• Define the representation T^/^ of tiect(0|n) in the superspace K{£^) \J vol{S,) of halfdensities by the formula 
T^^^{D) = D + idivZ) and define the form uj on A{$)\/vol by the formula Lü{f^/vol, gVvol) = J fg ■ woZ(^). 

Main Theorem . 1° Let g be an irreducible matrix Lie superalgebra which is neither almost simple ñor a 
central extensión of an almost simple Lie superalgebra. 

Then g is contained in one of the foUowing four major types of Lie superalgebras and only in them: 

l)0tm)O0Í(^2); 
2)q{Vi)Qq{V2); 

3) g[(l^)®A(n)5 0ecí(0|n); 

4) ()ei(0|2n)5o(2n). 

2° Let in addition to conditions of 1° , q be a subalgebra of c\{V) = C{J). Then g is contained in one of the 
foUowing Lie superalgebras (numbered as in 1° ) and only in them: 

Iq) q(^i) O0Í(^2) and J = .h®l, where q(Vi) = C(Ji); 

3q) q(VÍ)) «1 A(n) 5 Oect(0|n) and J = Jo(E>l, where q(VÍ)) = C( Jo); 
3° Let, in addition to conditions of 1° , g preserve a nondegenerate homogeneous form lo, either symmetric 
or skew- symmetric. Then g is contained in one of the foUowing Lie superalgebras (numbered as in \° ) and 
only in them: 

liv) aut((jJi) O aut(w2) a-nd lo = ui® lü2; 

'iu)) T"'^"(oect(0|n)), where lo is the form on half-densities. 

The unión of the foUowing statements 0.2.1-0.2.6 constitute, more or less, a statement converse to Main 
Theorem. The basic types of examples considered in these theorems appear in §1 labelled 1.1 - 1.4. 

0.2.1. Theorem. Leí dim V¿ = («i, m^) a^d (n¿, mi) ^ (1, 1), (1,0), (0,1). Then 

1) g[(Vi) OflK^a) is maximal irreducible in q\.{V) if either ui ^ mi or «2 7^ TO2; 

2) the superalgebras sl(V^i) s[(V2) if either ui 7^ mi or 712 7^ ?tí2 o,nd qI{Vi) Q ^[{¥2) if ni = mi and 
71.2 — ?Ti2 o,re maximal irreducible in s[{V). 

0.2.2. Let dimVi — {m,m)] let V2 be of any (finite) superdimension. For odd operator Ji e End(T^i) such 
that Jl = — lyi, we clearly see that J = Ji ¡Xi 1 satisfies J^ = -ly. Set q(Vi) = C(Ji) and q(í^) ~ C{J). 

Theorem . The Lie superalgebra q(T^i) OflK^a) is maximal irreducible in (\{V). 

0.2.3. Let gi — q(Fi) — q(ni) = C{Ji) and g2 — q(V2) — q(r72) — C{J2). The representation p of gi g2 in 
F = Fi (8) V2 has, clealry, the 2|2-dimensional Lie superalgebra of intertwining operators spanned by 

id = ly, Jl (g) 1, l(g)J2, Jl® J2- 

Set J = Jl® 32- Clearly, J^ — — ly; the restrictions p±i of p to the eigenspaces V±¿ of J are irreducible and 
the change of parity functor 11 permutes Vi with V-i. 

Theorem . The images /5±¿(q(T^i) q(V2)) are isomorphic to (\{Vi) Q) c\{V2) ■ They are maximal irreducible 
in5Í{V±i). 

0.2.4. Let US consider Lie superalgebras g¿ = av.i{üJi) each preserving a bilinear form ljí in the superspace 
Vi\ let Bi be the matrices of these forms, i = 1, 2. Clearly, inV = Vi®V2 the form uj = lüi ® lü2 oí parity 
p{lüi) + p{lü2) arises; if the w¿ are nondegenerate, then so is lü. Let g = oui(ti'). Formula (0.2) defines a 
representation of gi g2 in g. 

Theorem . The Lie superalgebra gi g2 is maximal irreducible in g if p{u¡) — O or if p{üJi) — O, p{üJ2) — 1 
and dim Vi 7^ (n, n). 

If p{üJi) = O, p{u}2) = 1 and dim Vi = (n, n), then Qi g2 is maximal irreducible m g n 5Í{V). 
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More exactly, thc foUowing subalgebras 0i(Vi) 92(^2) are maximal in g(yi ® V2): 
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osp(ni|2TOi) 
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0Sp(nin2 + 4mim2 2nim2 + 2n2mi) 


o{n) 


osp(n2|2m2) 
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o{n) 
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pe{nm) 


sp(2n) 


pe(TO) 


pe(2nm) 



0.2.5. Thc maximal subalgebras considercd in seo. 0.2.1-0.2.4 are similar to those considered by Dynkin. 
There are, however, maximal subalgebras of matrix superalgebras of totally different nature. 

Let Vi be a linear superspace of dimensión {r,s); let A(n) the Grassmann superalgebra with n odd 
generators ^1, . . . ^„ and Oecí(0|n) = c)erA(n) the Lie superalgebra of vector ficlds on the (O, n)-dimensional 
supermanifold. 

Let g = gí{Vi) ¡8) A(n) 35 Oecí(0|n) be the semidirect product with the natural action of tiect(0|n) on the 
ideal 0[(Vi)(E)A(n). The Lie superalgebra g has a natural faithful representation p in the space V = Vi(^A{n) 
dcfined by the formulas 

p{X (g) ip){v (^ V) = (-1)p('^)pWXw (^ ipiP; 

for any X e 0t(V"i), íp,ip e A(n), v eVi, D e Oect(0|n). 

Let US identify the elements from g with their images under p, so we consider g cmbcdded into gl(V). 

Theorem . 1) The Lie superalgebra qI{Vi) ¡S) A{n) 3) Vcct{0\n) is maximal irreducible in sl{Vi <S) A{n)) unless 
a) dim Vi = (1, 1) or b) n = í and dim Vi ~ (1, 0) or (0, 1) or (r, s) for r 7^ s. 

2) //dim Vi = (1,1), then Ql{í\l)^A{l) 3 vcct{0\í), so 0l(Vi)®A(n) í oect(0|n) C A(n+1) 5 Oect(0|n+1) 
and it is the latter superalgebra which is maximal irreducible in sI(V). 

3) If n — í and dim Vi = (r, s) for r > s > O, then q is maximal irreducible in gl(V). 

0.2.5'. Let 01 = q(ni) = q(Vi) = C(Ji); let V = Vi (g) A(n) and J = Ji® idA(„). Clearly, J^ = -idy. It is 
also clear that 

01 ® A(n) i Oecí(0|n) C q(V) = C{J). 
Theorem . The Lie superalgebra q(ni) ® A(n) J) tiecí(0|n) is maximal irreducible in q(Vi ® A{n)). 

0.2.6. Theorem . 1) For n > 2 and n ^ 3 the algebra g ~ [)ei(0|2n) 35 o(2n) is maximal irreducible in 

s[(A(n)). 

2) For n = 3 the algebra g is contained in the nontrivial central extensión as o/spe(4); the Lie superalgebra 
as is maximal irreducible in sl(A(3)). 

0.3. Realted results. 



0.3.1. Comparison with the case of prime characteristic. Our Theorems 0.2.5 and 0.2.6 are very 
similar to thc rcsult in prime characteristic announced by A. I. Kostrikin's student O. K. Ten. 

Recall that a subalgebra of a (finite dimensional) Lie algebra is callcd regular if it is invariant with respect 
to a maximal torus. 

Theorem . ([T]) Let K be an algebraically closed field of characteristic p > 3. 

1) Any non-semisimple maximal subalgebra of sl{n) for n ^ O mod p, o(n) or sp(2n) is regular. 

2a) Let dimV — np"^ , {n,p) == 1, n > 1. If m is an irreducible maximal subalgebra in sl(V) such 
that pm = m/ < 1 > ¿s not semisimple, then V = U ® Om, where Om — ¥i\xi, . . . ^Xm]/{xi^ . . . ^x^) and 
m ^ gl{U) ® Om3) vtcim- 

2b) If n — 1, then in addition to the above examples 2a) the algebra m = Sp2,„ 35 f)ei(2?7i|0) is also maximal 
ins[{V). 

3) Any maximal subalgebra in 02 is regular except Oecti for p — 7 and SÍ(2) for p > 7. 
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0.3.2. The maximal (almost) simple subalgebras of simple finite dimensional Lie superalgebras. 

It seems that it is only possible to describe sucli subalgebras when they are simple and, moreovcr, are 
isomorphic to osp(l|2n), whosc finite dimensional representations are completely reducible. Perhaps, it is 
possible to extend the result to osp(2|2n) and s[(l|n), whose finite dimensional representations are "tame" 
in a sence (see [L4]) and, therefore, describable. 

• Embeddings of osp(l|2) are described by Serganova in [LSS]. (Partly, her results were independently 
rediscovered by J. Van der Jeugt [J2], where regular Lie subsuperalgebras of finite dimensional simple Lie 
superalgebras with Cartan matrix are discribed, cf. [LSh2].) 

• A subalgebra í) of the Lie superalgebra g is called Volichenko algebra if it is not a Lie subsuperalgebra. 
A list of simple finite dimensional Volichenko subalgebras in simple Lie superalgebras is obtained under a 
technical condition by Serganova [S]. (For motivations and infinite dimensional case see [LS] and [KL].) 

0.3.3. Nonsimple maximal subalgebras. Maximal solvable Lie superalgebras of gl(m|n) and sl{m\n) 
are classificd in [Sh2] . A strange series of subalgebras was discovered. 

0.3.4. Maximal subalgebras of nonmatrix superalgebras. In the case when the ambient possesses a 
Cartan matrix this is done in [J2] with a gap fiUed in by Serganova (published in [Sh3]). For the classification 
of graded maximal subalgebras of vectoral Lie superalgebras see [Shl] and [Sh3]. 

§1. Irreducible non-simple matrix maximal subalgebras 
OF QÍ{m\n) AND sl(m|n) 

The 4 basic types of examples of maximal subalgebras from Main Theorem are considered in 1.1 - 1.4. 

1.1. Theorem. Let diíaV, = {n^,m^) and {n^,m^) ^ (1,1), (1,0), (0,1). Let V = Vi ^ V2 . Then 

1) &KVí) Q gí{V2) is a maximal subalgebra in gl{V) if ni ^ mi or «2 7^ rn,2; it is maximal in s[(V^) 
otherwise. 

2) The following subalgebras are maximal in s[(T^).' a) s[(V^i) s[(V2) if ni 7^ mi or «2 7^ '7i2; b) 
0[(^i) ©01(^2) ifni^mi andn2^m2. 

Proof. 1) The space of all operators in an arbitrary superspace V may be endowed with two structures: that 
of the Lie superalgebra 0l(F) and of the associative superalgebra Mat(V^). Observe that Mat(Vi)(8)Mat(V2) = 
Mat(Vi (g) V2). Therefore, any element g <E qI{Vi ® V2) can be represented in the form g ~^Ai® B^, where 
A e gí{Vi), Bi e fl[(V2). The bracket in qí{Vi (g) V2) is defined via 

[A^B,C^D]^ {-1)P(B)P{C) [^^ c]^BD + (-i)P(^®-B)p(c)(;.^ ^ j^^ jj^ ^-^-^^ 

Now let 

= 0t(Vl) O 0t(^2) = {A ® 1 + 1 (g B}, where A e QÍ{Vi), B e 01(^2), 
and let f be an intermedíate subalgebra, i.e., 

0CÍC0[(F) (1.2) 

Let ft. C f be an element which is not contained in g. Then h = ^Ai (E) Bi, where Ai e gí{Vi), Bi E 0[(V2). 
Thanks to (1.2) f contains all elemcnts of the form [g, h],g E g. Therefore, due to (1.1), we have 

[A (g 1, /i] = ^[A, A,] (g> B„ [1 (g>B,h]^ ^(_i)p(BM^.)^^ ^ [B, B,]. 

Since A and B are arbitrary operators of fl[(V^i) and 0l(V2) respectively, f contains h and all the elements of 
the form he ^^Ci® Bi and ho =^Ai^ Di, where Ci (resp. Di) though related perhaps, run over an 
ideal li C 0[(Vi) (resp. Ji C 0t(V2)) for each fixed i. 
Now, observe that, 

1) 0[(H^) contains only two ideáis, namely, /q = C • 1 and /i = s[(VF) for any W of dimensión not equal 
to (1,1), (1, 0), (O, 1) and 

2) f contains the subalgebras 0t(Vi) ® 1 and 1 ® 0[(V2). 

This implies that f contains the set s[(Vi) ® s[(V2). Since the set sl(VF) is not an associative subalgebra 
of Mat(VF), then (1.1) implies that 

í D s[(Vi) ® Mat(F2) e li\a.t{Vi) ® s\{V2) = s[(t/i ® V2). 

If, in addition, ni ^ mi, then str(l (g) _B) = (ni — m,i)str_B 7^ O, if stri? 7^ O, i.e., f coincides with the whole 

0[(^)- 

If ni = mi and n2 = m2, then QÍ{Vi) Q) qI(V2) is contained in 5{{V) and by the above argumcnts is a 
maximal Lie subsuperalgebra of s[(V^). 
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To conclude the proof of heading 2a), it only sufficcs to notice that í(g)B E sl{V) if and only ií B E s[(V2) 
for ni ^ mi and B G 0Í{V2) for ni — mi. D 

1.2. Let Wi and W2 be standard representations of gi = q(n) = C(Ji) and 92 = lí"^) = ^'(^^2)7 respectively. 
The representation p oí g ~ gi (B 52 in the tensor product F = Vi (8) V2 has the (2, 2)-dimensional algebra of 
intertwining operator < 1 (g) 1, Ji (g) 1, 1 ® J2, Ji (8) J2 >• The even intertwining operator J = Ji (E¡ J2 satisfies 
J^ = —1. The restrictions p±i of p onto the eigensubspaces Vi and V_i corresponding to eigenvalues ±¿ of 
J are irreducible and are transformad froni each other by the change of parity functor. 

It is easy to verify that given Q-bases 

{Vi,. .. ,Vn,JlVi,...,JiVn) and (Wi,.. .,Wn,J2W2,-- ■ , J2Wn) 

of the spaces Vi and V2 respectively, the basis of V±i is the forní 

ivk® wi± JíVk ® J2WiTV.r ® J2WS + iJiVr ® Ws] k,r~l,...,n; l,s~í,...,m. 

Clearly, dina V±¿ = {nm, nm) and the honiogcncous subspaces of V±i niay be identified with the tensor 
products 

(V±,)o = (V'i)o ® (^2)0, {V±^)i = (Vi) ® (^2)0- 
Let iA,B) e 01 and {C,D) e Q2, then 

P±,{{A,B)) = {A®Í,B®1), p±,iiC,D))^{í®C,í®i±iD)) (1.3) 

1.2.1. Theorem . The image p±i{g) is a maximal subalgebra of sí{V±i). 

Proof. It is clear froni (1.3), that the restriction of p¿ to fi = q(ni) © c|(n2)o = ^("•i) ffi flK^a) is the tensor 
product of the standard representations of fi in Vi and q(n2)o = 0t("-2) in (^2)0- As foUows froni the proved 

above, fi is a maximal subalgebra of the Lie superalgebra Oi — C{Ji '^ ^) — { i n a] ( '^ 0l(nm,|nm,). 

Similarly, pi\\2 for h = 'i(")o ® 02 is the tensor product of the standard representation of q(n)o — 0t(n) 
in (Vl)o and q(m.) in V2. Therefore, f2 is a maximal subalgebra in the Lie superalgebra 

02 = C(l ® ^2) = S í _^ A ) I ^ 0[(nTO|nTO). 
Since Oi and 02 genetare the whole sl{Vi), it foUows that g is maximal in s[(V¿). D 

Let US formúlate this in anothcr way. 

1.2.2. Theorem . The Lie subsuperalgebra g = q(Vi (E) A) Q q{A (g V2) ¿s maximal in sl(Vi (g) ^(g) V2). 

1.3. Let dimVi ~ (?', s), n ~ gt(^i) ® A(n) and g the scmidirect sum of the ideal n and the subalgebra 
Oecí(0|n) = É with the natural action on the ideal. The Lie superalgebra g has a natural faithful representation 
p in V = Vi g) A(n) dcfined by the formulas 

p{D){v®i;) = -(-1)P(^)PW«®Í^(V.)*°'^®^^"' ^^^' ''®^'^*^- 

In the sequel, we will always identify elements of g with their images under p. Therefore, we will consider g 
embedded in gl(V) which coincides, as a set, with Mat(V) = Mat(Vi) (g Mat(A(n)). 

Finally, let us realize the associative superalgebra Mat(A(n)) as the associative superalgebra Diff(n) := 
Diff(0|n) of differential operators acting on the superspace of functions A(n) on C"'". 

Set grDiff(n) = ®o<¿<nDiff¿(n), where Diffj(n) is the superspace of homogeneous (w.r.t. order) order i 
differential operators. Observe that Diffo(n) = A(n), and (Diffi(n))L = t)ect(0|n). In such a realization the 
bracket in g[(V) is of the form 

[Al (g Di,A2 (g D2] = (-l)í'(^i)P(^^)([Ai, A2] (g D1D2 + {-l)P(^'^P(^'^A2Ai (g [Di,D2]). (1.4) 

Notice that the subset of matrices of the form I j in Mat(l|l) is, on the onc hand, an associative 

subalgebra of Mat(l|l) and, on the other hand, is a commutative ideal in g[(l|l). Therefore, thanks to (1.4) 

g = g[(l|l)®A(n) + |(^^ ^^|®Diffi(n) 

is a Lie superalgebra. Clearly, gl(l|l) — A(l) EB üeci(0|l) and 

g = [A(l) 5 Oecí(0|l)] (g A(n) A(l) (g Diffi(n) ^ A(n + 1)3 Oect(0|n + 1). 
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1.3.1. Theorem . 1) In all cases except a) áÍTaVí — (1,1) or b) n — 1 and diinV^i — (1,0) or (0,1) or 
(r, s) with r ^ s the Lie superalgehra Q = g[(í^i)(E) A(n) 3? tiecí(0|n) is a maximal Lie subsuperalgebra of sí{V), 
where V — Vi (E) A(n). 

2) Lf dhnVi — (1, 1), then C ¿ and g is a maximal Lie subsuperalgebra in s[(í^). 

3) //n= 1 and dimVi = (1,0) or (0,1), theng = gliy). 

4) If n ^ í and dimT^i = (r, s), where r ^ s and r + s > 1, then g is maximal Lie subsuperalgebra of 
gl{V). The Lie superalgebra sg := gt(Vi) ® A(l) ED < 9 > is maximal in sl{V). 

Remark . If dimFi — (1,0), (0,1) or (1,1), then g (or g) is a Lie superalgebra of a general form (not 
semisimple or likewisc). In othcr cases g is semisimple. 

Set DifF„(n) = {fdi . . . 9„| degíp < n in the standard grading of A(n)}. 

1.3.2. Lemma . 1) s[(A(n)) ^ 0o<í<n-iDiffí(íi) Diff„(n) (as superspaces). 

2) The representation o/oecí(0|n) in Diff¿(n) is irreducible for n > 2 if i < n and contains the irreducible 
subsuperspace Diff„(n) of codimension (1,0) ifi = n. 

Proof. 1) Let F = ifdi^ ■ ■ -di^ '= Diff(n) and ácgip = 1. Then dcgF = I — k. Henee, ií k yí I, then F is a 
nilpotent operator and strF = 0. lí k = I, then F(A{n)) C ipA{n). If, nioreover, di-¡^ . . . di^íp ~ O, then 

F2(A(n)) C FiipA{n)) C F{ip)A{n)+ 
^ E E (a,,...9„^)A(n) = 0. 

l<¡<fe-l U2:-.jl)C{il,...,ik) 

Thus, strF can be nonzero only ií íp — í^i^ . . . ^¿^ . 

Let US calcúlate strí" for F = ^i . . . S,kdi ■ ■ -dk and k < n. We have 

F\ ®o<í<fe-i A'{n) = 0; trF|A'=+*(n) = H T ) for O < ¿ < n - fc 



implying (-l)'=strF = Eo<.<„-.(-l)^r7') = «• 

2) FoUows easily from [BL]. D 

Proof of Theorem 1.3.1. Cases 2) and 3) had been actually considered even before we have formulated 
the theorem. In 4) it clearly sufRces to prove the maximahty of g in gí{V). We will prove this together with 

1). 

Let [) be an intermediate Lie subsuperalgebra: g C t) C gl(V'). Consider two cases: 

1°. Let dimVi = (1,0) or (0,1), n > 1, i.e., V = A{n) or 7r(A(n)); g = A(n) 5 Oecí(0|n) and qí{V) ^ 

Diff (n) r . Let a = (¿i, . . . , ¿t) be a multiindex. Da ^ di, . . . di, , DI, ~ < n •••«•• • «t i * "^ Then 

[O otherwise. 

[J2 VcDa, ^^] = 5](-l)í'(^° Va^L (1-5) 

a) It follows from (1.5) that by commuting with functions ^i, . . . , ^„ we can obtain an arbitrary 2nd order 
differential operator from any differential operator of order > 2. It follows that if 1) 7^ g, then 1) contains at 
least onc 2nd order operator. 

b) The representation of fi = Oecí(0|n) C g in Diff2(n) is ireducible if n > 2 by Lemma 1.3.2. Therefore, 
if 1) 7^ g, then í) contains Diff2(n) if n > 2 and contains Diff2(2) if n = 2. 

c) Finally, it is not difñcult to see that Diff2(n) generates E2<í<n-i Diffí(n) +Diff„(n) and, therefore, if 
1) ^ g, then 1) = s[(í/). 

2° Let dim Fi = {r,s) and r + s > 2. a) It follows from (1.4) that if A e g[(Vi), (f G A(n), D e Diff(n), 
then 

[A (Xi ¥>, 1 «) £>] = A (g) [ip,D]. 

Since any operator of the form A(E) íp belongs to the considered subalgebra g, it follows that if f) 7^ g, then 
f) contains at least one operator with the first component different from 1. 

b) Formulas (1.4) and (1.5) imply that commuting with operators of the form IfEi^í enables one to obtain 
from any operator of order > 2 a Ist order operator. Taking a) into account we conclude that t) must contain 
at least one Ist order operator which does not belong to g. 

c) The Lie superalgebra g contains as a Lie subalgebra the direct sum of Lie superalgebras 

qI{Vi) (g)l e 1 (g) Oecí(0|n) if n^l 
gt(Vi) (g)l©l(8)<a> if n = l 
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and in the space 0t(Vi) (g) tiect(0|n) the tensor product of the adjoint representations of Lie superalgebras 
gl{Vi) and Oecí(0|n) acts. Therefore, () contains the set Ui(^U2, where Ui is ideal of 0[(Vi) different from C-1 
and U2 is an ideal of Oecí(0|n). Since we have excluded the case dim Fi = (1,1), this means that Ui D st(Vi) 
and í/2 = Oecí(0|n) for n 7^ 1 and U2 3 Cdi for n = 1 (due to simplicity of Oect(0|n) for n 7^ 1). 
Let A e A^Fl), B e sl{Vi). Then taking the bracket of ^ (g) ^ and B (^ d according to (1.4): 

[A^^,B^d] = {-í)P^^'>{[A,B]®^d+{-í)P^'^'>P^^'>BA^l) 

we see that U2 coincides with Oect(0|l) for n — 1, too. Therefore, t) D sl(14) Oect(0|n). 
d) Let D,D' e oecí(0|n). Set 

_ í diag(l,-l,0, ...,0) es[(Fi) forr>l 
°^ \diag(0,l,-l,0, ...,0) es[(í/i) forr= 1. 

Then [Ao<»D,Ao<» D'] = Ag (g) [L», D'], and strAg ^ 0. This imphes 

QÍ{Vi) (» mct{0\n) ifn>l 



^ -^ \2l{Vi)(g)< d > +sí{Vi)(g>< ^d > iin = l. 

e) Further, let us carry out the induction on the order of the differential operator. Let t) D X]o<¿<fc qK^i)^ 
Diff¿(n). By bracketing 0Í(í^i) (g üect(0|n) according to (1.4) we get t) D s[(T^i) g) Difffe+i(n). By bracketing 
Aq g) Di with Aq g) Dk^i for Di € üect(0|n) and í'fe+i G Diffj.+i(n) wc get an operator Aq g) [Di, D^^i] G 
0[(Vi) g) Difffc+i(n) that does not belong to s[(yi) g) Difffc+i(n). 

Let US consider how 0l(14) g" 1 acts in the space fll(T^i) gi Difffc+i(n). We see that 

1) D s[(t/i)(gDifffc+i(n)+0[(í/i)(g[oect(O|n),Difffc+i(n)] = 

0[(t/i)(gDifffc+i(n) if fc + 17^1 

gí{Vi)(g>'Diñn{n)+sí{Vi)(g> Spaniel... ^ndi...dn) if fc + 1 = n. D 

1.4. Let [)ei(0|2n) be generated by odd ^1, . . . ,^„, 771, . . . ,í7„ and an even z, see see. 0.2. 

The nonzero irreducible finite dimensional representation of í)ei(0|2n) that maps z to the operator of 
multiplication by 1 is realized in the superspace A(n) of functions in n odd variables ^ = (Ci, . • . ,Cn)- The 
normalizer of t)ei(0|2n) in g[(A(n)) is g = í)ei(0|2n) 5 o(2n); it acts in the spinor representation of o{2n), or, 
in ternas of differential operators: g = Span(l, £_, d, S^d, dd, ^^). 

Let n = 3. Then g is contained in g = ([)ei(0|6) íE T^) 6E 0(6) (sum as o(6)-modules), where the highest 
weight of the 0(6) ~ s[(4)-module V is (2, O, 0), i.e., g is isomorphic to the nontrivial central extensión as of 
spe(4). (Observe, that s[(4)-module l}ei(0|6) is the direct sum of the trivial module and the exterior square 
of the dual to the standard 4-dimensional s[(4)-module.) 

Theorem . g is a maximal subalgebra in s[(A(n)) for n >2 and n 7^ 3. Ifn~3, then g C g = as, and as 
is maximal in s[(A(n)). 

Proof. Let us realize again sl(A(n)) by differential operators 

s[(A(n)) = e,<„_iDiff,(n) Diff„(n). (1.6) 

Let [) be a Lie subsuperalgebra in sl(A(n)) containing g and strictly greater than it. 
1° First, let US show that f) contains an element h ^ g whose highest term with respect to the grading 
(1.6) is of degree 1. Let h £ i) and h ^ g. Note that 
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we may assume that h ^ q. If deg/i = O, i.c, h E A(n), it sufRces to consider brackets of the form 

[didj,h] ~ ±di{h)dj ± dj{h)di ± didjQi) 

and notice that sincc h ^ q, thcn ácgh > 3 with rcspcct to thc grading in A(n). 

2° Lct n = 2. Wc havc got that 1) contains an clcmcnt of thc form ^i-^2(qí9i+/392) for somc (a,/?) 7^ (0,0). 
Since 0[(2) =< S^idj > acts irreducibly in thc space < ^iC23i,^i^232 >, thcn 1) D A(2) ® üect(0|2) and by 
Theorem 1.3.1 t) = sl(A(2)). 

3°. Let n > 3. By l", we may assume that g contains a set of elements whose highest terms run over 
siiect(0|n) C Oecí(0|n). Acting by them on functions contained in g we see that t) contains T^{n) ©soect(0|n), 
where T'^{n) ^ A(n)/ < ^1 . . . ^„ > is the superspace of functions with integral 0. 

For ri = 3 it is casy to see that g © T°(3) S0ecí(0|3) generates g. 

If n > 3, then the relation 

[5192,^166] = (CiSi + 6^2 - 1)?3 ^ soecí(0|n) 

impHes that the sets T°(n) and < didj, 1 < j < n > genérate tiect(0|n); henee, i) D A(n) ® tiecí(0|n) and, by 
Theorem 1.3.1, 1) =s[(A(n)). 

The maximahty of g for n = 3 is obvious. D 

§2. Proof of Main Theorem 

In this section g is an irreducible matrix Lie superalgebra, p its standard representation in superspace W. 
Let t be an ideal of g. We will assume that dim W > 1 (because the case dim W — 1 is trivial). Our proof of 
Main Theorem is largely based on the foUowing Theorem 2.0 — the superization of a statement well-known 
to the rcader from Dixmier's book [Di]. 

2.0. Theorem . Let g be an irreducible matrix Lie superalgebra, p its standard representation (in particular, 
p is faithful). Let i be an ideal of q and dimÉ > 1. Then 3 cases are possible: 

A) p\t is irreducible; 

B) p\i is a múltiple of an irreducible t-module r and the multiplicity of t is > 1; 

C) there exists a subalgebra í) C g such that É C f) and p = indfcr for an irreducible i-module a . 

We will say that the representation p is of type A, B , or C with respect to the ideal t if the corresponding 
case holds. Lemmas 2.4, 2.1 and 2.2 deal with types A, B and C, respectively. 

Proof largely foUows the lines of [Di] with one novel case: irreducible modules of Q-type might oceure. 
Fortunately, their treatment is rather straightforward and I would rather save paper by ommiting the veri- 
fication. 

2.1. Lemma . B) 1) // p is of type B with respect to the ideal i, then either g C gt(^i) O sK^a) or 
g C q(Vi) O q(V2) for some Vi and ¥2- 

2) //, moreover, g C <^{V), then g C q(Vi)Og[(V2) for some Vi, V2; 

3) If üj is a nondegcnerate 2-form on V and g C oui(ti'), then g C oui(ti'i) ® aut(a;2)7 where w = wi (g) ^2 

Proof. 1) Let V be the superspace of representation r. Then V — Vi (g) U íoi some U and 

p{h){v (g) ti) = T{h)v (E) u for any h E i, ueVi, u E U 

Le., 

the operators p{h) are of the form r(/i) (g) 1. (2.1) 

On the other hand, g is the stabilizer of r. So for any g E g there exists s{g) E EndVi such that 
T{[g,h]) = [s{g),T{h)] for any h E t. 

Let US consider the operator T{g) = p{g) — s{g) (g) 1 in F. For h E i we have 

[T{g), p{h)] = [p{g) - s{g) ® 1, p{h)] = p{[g, h]) - [s{g),T{h)] ® 1 = O , 

i.e., r(g) commutcs with all the operators of the form p{h), h E i) and since r is irreducible, T{g) is of the 
form 

1 (g) A{g) if T is of G-type 



^^'^^ \ 1 (g A{g) + J g) B{g) if r is of Q-type 
where J is an odd generator of C{t), the centralizer of r. 
Therefore, p{g) is either of the form 

p{g) = s{g) g) 1 + 1 g) A{g), if T is of G-type (2.2) 
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or 

PÍ9) = s(.g) «) 1 + 1 «) A{g) + J » B{g) if t is of Q-type . (2.3) 

Formulas (2.1) — (2.3) show that if r is of G-type, then g is contained in qI(Vi) Q gl{V2) C qI{V), where 
V2 — U, and if t is of Q-type, then q is contained in q(yL) O q(V2) C qI{V), where V2 = Span{l, J) ® U. 

2) To prove this heading it sufRces to notice that if t is of type G and the operators T{g) — \ ® A{g) 
determine a G-irreducible action on [/, then p is also of type G. Therefore, either q C q(Vi) Ogt(V2), where 
y2 = t/, or0C0l(yi)Oq([/). 

3) To prove this heading, observe that if we fix ui, U2 G U , then on V there arises a family of 6-invariant 
2-forms w"^'"^. Since t is irreducible, each form a>"^'"^ is either nondegenerate or idcntically zcro. Since w 
is nondegenerate, there is a nondegenerate form ui = w"^'"^ among the lot. In this case the whole space of 
forms is 1-dimensional and r is a G-irreducible representation. For Lie algebras this is a well-known fact; 
for Lie superalgebras we prove it in Appendix 2. 

Therefore, a;(wi ® mi, «2 ® U2) — ^^^1(^1, «2) • '-^2{ui, U2), where lü2 is the nondegenerate bilinear form on U. 
The action of an element p{g) of the form (2.2) on cu gives: 

O = (s{g) (g) 1 + 1 (g) A{g))uj{vi (g) iíi, «2 «> U2) = 
(wi(s(g)(í;i), V2) + {'ir(s)pML0i{vi,sig){v2))) ^^2(^1,^2) - 
^i(«i, í^2) {Lü2{A{g){ui), U2) + i-l)P(a)pMcü2{ui,A{g){u2))) . 

After simplification we get: 

■s(5)('^i) = c{g)uji; A{g)uj2 = -c{g)uj2, 
where c{g) G C 
Therefore, 

P{g) = sig) (g 1 + 1 (g A{g) = (s(g) ^ -c{g) • id) (g 1 + 1 (g {A{g) + -c{g) ■ id), 

where s{g) — ^c{g) ■ id e aut(ü.'i) and id ® {A{g) + ^c{g) ■ id) e aut((jJ2)- □ 

2.2. Lemma . C) 1) If p is of type C with résped to the ideal t, then g C g[(y)(g A(n) 35 Oecí(0|n) for some 
V and n. 

2) //, moreover, g C (\{n), then either g C q(V^) <g A(n) 5 Oect(0|n) or 
n = 1 a^d C 0[(F) (g idA(i) 5 C(C + d£,); 

3) //p is 0/ type C with respect to the ideal í and g C aut(a;), then g C aut(a;i) (g A(n) ® T^/^(oect(0|n)), 
where uj ~ cu i (E) íü2 and the representation T^'^ o/üect(0|n) (in the superspace of halfdensities) is given by 
the formula T^/^{D) = 1 g) (I? + idivD) and the form lú2 on A(^) is given by the formula 

u^2ÍfV^^d{0,9V^^diO) = J fg- voliO- 

Remark . 1) gl{V) (g idA(i) 35 C{^ + d^ ^ gl{V) Q q(l). 
2) aul(wi) (g 1 © ri/2(t,ect(0|n)) c aut(wi) © aul(w2) 

Lemma C follows from the definition of the induced representaiton. 

2.3. To complete the proof of Main Theorem it sufíices to consider the case when p possesses the foUowing 
property: for any ideal É C g either p is of type A with respect to É or p|{ is the múltiple of a character. 

Let r be the radical of the matrix Lie superalgebras g. 

Lemma . If x is commutative and p belongs to type A or B with respect to x, then dina r = O or 1. 

Proof follows from the fact that any irreducible representation of a commutative Lie superalgebra is 
1-dimcnsional (up to the change of parity) and the faithfulness of p. D 

2.4. In the case when r is not commutative, consider the derived series of r: 

r D d D • • • D Vfc D rfc+i = O, 

where r¿+i = [r¿,rí]. Clearly, each ti is an ideal in g and the last ideal, Vk is commutative. 

Lemma . A) 1) If p is of type A with respect to Xk-i and plt^ is scalar, then either Vk-i — í)ei(0|2n) or 
tk-i ^ i)ei{0\2n - 1) and V = A{n) or n(A(n)) and g C [}ei(0|2n) 5 o(2n). 

2) If additionally g C q(V^); then either t^^i = l)ei(0|2n-l) or g C [)ei(0|2n- 1) 5 o(2n-2) = (l)ei(0|2n- 
2)5o(2n-2))Oq(l). 

3) In this case g does not preserve any nondegenerate 2-form on V . 
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Proof. Headings 2 and 3 foUow from heading 1. Let us prove it. 
We see that if the restriction p\^. is irreducible for all i, then 

1) dimrfe = 1 because p is faithful; 

2) Tfc-i ~ i)ú{0\m) for any m; 

3) p|tfc_i is irreducible and faithful, so it can be rcalizcd in the superspace of functions, A(2n), or in 
n(A(2n)), where n = [f ] + 1; 

4) g is containcd in the normalizer of [)ei(0|2n) in its spinor representation, i.e., g C [)ei(0|2n) <3E o(2n). D 

2.5. Lemma . Let dimr < 1, i.e., q is either semisimple or a nontrivial central extensión of a semisimple 
Lie superalgebra but NOT an almost simple or a central extensión of an almost simple Lie superalgebra. 
Then we can always choose an ideal i such that p is of type B or C with respect to t. 

We proove this Lemma in Appendix 1. 

Lemmas 2.1 (Lemma B), 2.2 (Lemma C), 2.3, 2.4 (Lemma A) and Lemma 2.5 put togcther prove Main 
Theorem. D 

§3. Irreducible non-simple maximal matrix subalgebras of q(n) 

3.1. Let dim W = {n,n), n> 2 and J = [ -. ^T ) (so, J^ = — ly and p{J) = 1). Consider the centralizer 

'-'{J) — {^ '= flK^) • [^1 J] = 0} of J- Notice that on the sct C{J), as well as on the set of the all operators, 
two structures can be introduccd: that of the associative superalgebra Q{W) and that of the Lie superalgebra 
q{W)=Q{W)L. 

Now, let V — Vi iS) V2 and dim Vi = (n, n); let dimV2 = {''^2i'm2) be arbitrary. Given an odd operator 
Ji G End(Vi) such that J^ — — Ivi (and, therefore, a superalgebra C(Ji) being defined), then the operator 
J — Ji (E) 1 iií V is defined such that J^ = — ly and p{J) — 1. Observe that 

QMat(y) ^ QMat(Vi) Q Mat(y2)- (3.1) 

Consider the Lie superalgebra g = q(Vi) Ofl[(V2). Clearly, g C q{V). 

3.1.1. Lemma . The Lie superalgebra g is irreducible on V i/ ?^2 7^ "t-2- 

Proof. The operators of the form 1 (E) B íorB E 0t(V2) commute with the operators of gl{V) that are of the 
form C (Xi 1 for C e 0t(^i) ^^^ only with them, whilc operators of the form A (g) 1 for A S c|(Vi) commute 
with the operators of the form 1 (g) C and Ji (g) C, where C E 0t(V2). Therefore, the algebra of intertwining 
operators of the considered representation of g is generated by two operators: 1 and Ji (g 1. D 

3.1.2. Theorem . The Lie subsuperalgebra g = q(yL) ©01(^^2) is maximal in q(Fi Cg) V2). 

Proof. Formula (3.1) cnablcs to actually repeat the proof of Theorem 1.1. 

We must only notice that like 0l(H^), the Lie superalgebra q{W) contains two ideáis only: that of "odd 
constants" and sq(VF) = {X E q(W^)|qtrX = 0} which is not endowed with the natural associative algebra 
structure. Besides, ii g E q(V'i) but g ^ sq(Vi), then g ® í <^ sq{V). D 

3.2. Let Vi be an (?7i, ?7i)-dimensional linear superspace and q(Vi) = q("T-) = C'(J) be the queer Lie super- 
algebra with the standard representation in Vi. Let V = Vi (E) A(n). 

Theorem . The Lie subsuperalgebra g = q(Vi) ® A(n) <3E tiect(0|n) is maximal in q{V) = C{J ® 1). 

Proof. We can repeat the proof of Theorem 1.3.1 by replacing 0[(Vi) with q(Vi) and s[(V^i) with sq(Vi) 
provided in step d) we consider 

[EAo ®D, An®D']= HAI [D, D'] 

instead of [An<»D,Ao<» D'] . D 

3.3. Adding togcther Thcorcms 3.1.2, 3.2 and heading 2° of Main Theorem we get the foUowing statement. 

Theorem . If g El q{n) ~ q^) is a maximal in q{n) irreducible Lie superalgebra, not almost simple ñor 
a central extensión of an almost simple, then either g = q(Vi)Q0[(V2) for same Vi and V2 such that 
í/ = V"i (g) V2 and dim V2 > 1 or 

= q(Vo) g) A(n) <3E üect(0|n) for some Vo and n such that V^ = Vo gi A(n). 
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§4. Lie superalgebras that preserve a bilinear form 

Let a nondegenerate homogeneous supersymnietric bilinear form to be given in a superspace V. Sometimes, 
in a fixed basis, we will represent w by its matrix F. Consider two objects associatted with uj: 

1) The space aui(üj) — aut(i^) of operators prescrving uj: 

aut{Lü) = {Ae QÍ{V) I iJÍAx,y) + (-l)P(^)(P(^)+í'('^»cj(a;,yl"*y) == 0} 

or, in thc matrix form, 

aui(F) ^{Ae 0l{V) I AF + {-i)p(AMF)p^st ^ q^ (4_^) 

2) The space symm(üj) = synini(_F) of operators symmctric with respect to uj: 

symm(w) = {A e qI{V) \ uj{Ax,y) = (-l)P(^)(P(^)+í'("'»cj(a;, yl"*?/)} 

or, in thc matrix form, 

symm(F) ^ {A E gí(V) \ AF ^ (_1)p(^)p(-P)fA"*}. (4.2) 

Direct calculations yicld thc fohowing statement: 

4.1. Lemma . 1) The space aut(a;) is endowed with a natural Lie superalgebra structure while the superspace 
symm(w) is endowed with the stucture of an aul{uj) -module. Moreover, [symm(t<;),symm(a;)] C aut(w). 
2) Set {•, ■} ■.A,B — > AB + {-Í)p('^'>p(b'>BA. Then 

{aut(cj), aut(w)}, {symm(a>),symm(w)} C symm(cj); {aut(ü;), symm(w)} C aut(w); 

auí{¡jJi ® LÜ2) = aut(wi) (g) symm(w2) + symm(cj2) (El aut(ü;2); ,.„■, 

symm(a;i (Xi W2) = aut(wi) (Xi aut(tií2) + symm(u)i) (g) symm(ü;2)- ' 

3) Any A e QÍ{V) can he represented as the sum A = A°- + A'^ , where A"- e out(w), A^ e symm(w). 

Set 

saut(tií) = aut{Lü) n sí{V), ssym(tj) = symm(cj) n sí{V). 

Notice that ií p{uj) ~ O, then aut((jj) = saut(ü;), and if p(w) = 1, thcn symm((jj) = ssym(a>). 

Theorem . Let Lie superalgebras saut(ti'i) and saut(a'2) be simple. Then Lie subalgebra g = out(ti'i) ® 
aut((jJ2) is maximal in out(a'i (^ LÜ2) if p{uji) +p(a>2) = O or if p(uji) — O, p{ujj) = 1 and dim(T^)o 7^ dim(í/¿)]; 
for i,j — 1, 2. If p{lüí) = O, p{loj) = 1 and dim(V¿)o = dÍTa(Vi)i, then q is m,aximal in saut(a;i ® UJ2)- 

For exact answer in thc standard format see table from Th. 0.2.4. 

Froof. Let f be a Lie superalgebra such that g C f C aut(cji ® W2) and /i e f but h ^ q. It foUows from (4.3) 
that 

for some A^ e aut((jJi), Bf e symm(a;2), Aj e symm(a;i), _B" e aut((jJ2)- Let us bracket h with clcments of 

[C^l,h] = J2[C,Af]^B^+J2[C,A'^]^B;} 

[í(g)D,h] = ^(-l)P(^)p(^?)Af(g)[D,B|]+^(-l)í'(^)í'('4?Uj*(X[í?,S^"]. 

Since saut([.t;i) and saut(a;2) are simple and (as foUows from [K]) thc solé aui(cj)-invariant superspaces in 
symm(üj) are the space of contants and ssym(a;), it foUows that 

f D (saut(a;i) ssym(w2)) © (ssym(a;i) (g) saut(a;2)) — a(Bb. 

Now notice that s[(V) is not closed with respect to {•, •}. 

Let p{loi) ~ p{lo2) = 0. Then out(tJí) = sout(tJi) for ¿==1,2. Let A (g) _B, C (g D € a. We have: 

[A, C] (g) {B, D} e aut(wi) g) symm(w2), {A, C} g) [B, D] e symm(cji) g) aut(cj2). 

Since sí{V) is not closed with respect to {•, •} the abovc formulas imply that 

f D aut(cji) g) symm(cj2) © symm(cji) g) aut(a;2) = aut(a;i g) 1^2)- 
Let p{lüi) = p{(^2) = 1 and, therefore, ssym(cj¿) = symm(a;¿). Let Ag)i3ea, Cg)I?eb. Then 

[A, C] g) {B, D} e symm(wi) g) aut(t^2), {A, C} g) [B, D] e aut(tJi) g) symm(íj2) 

which means that f — aut(a;i g) 0^2). 

Finally, let p{uji) — 0,^(^2) = 1- Then saut(a;i) g) ssym(a;2) — aut(wi) g) symm(a;2)- Taking the bracket 
oí A(g) B E a with C (E) D E b, wc scc that 

f D aut(wi) g) symm(cj2) ® ssym(a;i) g) aut(w2) 
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and taking thc bracket oíA(E)B,C(E)D^bwe get 

f D aut(a;i) (8) symni(w2) + symm(a;i) saut(ct;2)- 

These two inclusions togcther mean that f D sout(a;i (g) ^2)- This completes the proof when dim(Vi)o = 
dim(yi)j, while for dim(yi)o 7^ dim(Vi)j it sufRccs to observe that g is not contained in sl{V). D 

Appendix 1: Proof of Lemma 2.5 

Let dimr = O, i.e., g is scmisimple. As g is not almost simple, then due to seo. A2.6 the alternative arises: 
either g contains an ideal É of the form 

t = t)i^ A(n) with simple t) and n > O (^1-1) 

or g = (B Sj, where each Sj is almost simple and fc > 1 . 

j<k 

Al.l. Lemma . If Q = ® S, and k>2, then any irreducible faithful representation of q is of type B with 

j<k 

respect to any its ideal Sj . 

Proof. Sincc the stabilizer of any irreducible representation of Sj is the whole g, thc type of any irreducible 
representation of g with respect to Sj can be either A or B, see sec. 2.0. Due to faithfulness case A is ruled 
out. D 

For 6 take asi A(n). 

Al. 2. Lemma . Let \) be a simple Lie superalgerba and É = t) (g) A(n). Then i has no faithful irreducible 
finite dimensional representations. 

For proof see Al. 4. 

Al. 2.1. Corollary . If q contains an ideal É of the form [Al.l), then g can not have any faithful irreducible 
finite dimensional representation of type A with respect to the ideal t. 

Al. 2. 2. Corollary . Lemma A2A and Corollary A2.2A prove Lemma 2.5 for scmisimple Lie super algebras. 

Al. 3. Lemma . Ift)isa simple Lie superalgebra, then 

[f)i,f)i] == f)o and [()o,í)i] == í)i • 
Proof is Icft to the readcr. {Hint: show that [()j, ()j] © í)j and ()q © [l)o, í)i] are ideáis in 1).) D 

Al. 4. Proof of Lemma Al. 2. For n > O the Lie superalgerba g contains supercommutative ideal 

ni = i)<»^i...S,n- 
Moreover, if n > 2, then g additionally contains a supercommutative ideal 

n2 == ()«) A""i(^)©ni. 

Thanks to Theorem 2.0, any irreducible representation p oí i is obtained as foUows: take an irreducible 
representation (character x) of s-n ideal n¿, the subsuperalgebra ste(x), an irreducible representation p of 
sít(x) whose restriction onto tIí is a múltiple of x- Then p = ind^.^ {y\{p) for some p. 

Let US show that if dimp < 00 then x\i)®(,i---í,n = O- Since \)®S,i • • • ^„ is an ideal in g, this would contradict 
the faithfulness of p. Indeed, dimp < 00 if and only if st{(x) D íg- 

1) n = 2A:+1. For any / € í) and .g = ft, (?) 1 G ()o «i 1 we have O = x([5>/'X'6 •••í«]) ^ x{[h, f]®S,i- ■ ■£,„.) 
implying that 

I (Lcinma Al. 3) . 

xl[f)i5,Di]«>íi--í„ = xl(iii<»íi--e„) = O- 

Sincc X is a character, then X^o^íi-'-ír. = 0; i-e-i x|f)«iíi---í„ = O- 

2) n = 2fc > 2. For any 

gi = hi® L^iiO ei)i<» A"-HO c (1x2)0 
we have 

O = X([5, 51]) = ±x{[h, h^]) ® hiOln-iiO, 
i.e., 

Xl[f)l,f)l]«.íl--e„ = X\f)o'g>il■■<r^ = O • 
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But X is a character; therefore, 

XIDi(8iÍi--Í„ = o 

and, finally, 

x|f)«iíi---í„=o • □ 
3) n — 2. Then i contains a commutative ideal n = () (g) ^1^2; let x be a character of n. 
If X generates a finite dimensional representation of g then síg(x) D floi i-^-, 

x([/,5«)Ci6]) = for any/e l)o,ge (). 

If g G f)i, then formula (Al.l) holds automatically by the parity considerations. Let g G f)o. Then, 
nevertheless, 

and, therefore, xl[f,o,Do]»íiÍ2 = O- 
Set 

This is an ideal of g and sín(x) — iri- Therefore, the irreducible representation p of m given by x is such 
that (o|n is a múltiple of x- Let 

ni = f)o (» Ai(e) ® ([f)o, f)o] © f)i) ® A2(e). 
This is an ideal in m and 

[ni,m] c ([()o,í)o]©f)i)'»A^(Ockcr x- 
Thus, Til C ker p since the subspace l/''("i) = {w G F : /3(ni)u = 0} is (o(mi)-invariant and non-zcro. But 
m/rii is a solvable Lie algebra and by the Lie theorem any its irreducible finite dimensional representation 
is of the same form as x- Let it be Xi for definiteness sake. 

This means that x|[|)i,()i](8A2({) — O, i.e., x\t)^A^{^) — O and since 1) (g) ^1^2 is an ideal in É, then the 
representation of É given by x cannot be faithful. Lcmma Al. 2 is proved. D 

Al. 5. Central extensions of semisimple Lie superalgebras. Let g be a Lie superalgebra, r its radical 
of dimensión 1. Then r is the center of q and ¿ = g/r is semisimple. 

First, consider the case when g = © Si, where the s, are almost simple and fc > 1. Let tt : g ^ g be the 

i<k 

natural projection. The Lie superalgebra 7r^^(si) = É is an ideal in g and dimfi > 1. 

Al. 5.1. Lemma . If k > 1, then p can not he irreducible of type A with résped to É. 

Proof. Set g+ = ® (Sí)o ^^.d g+ is a Lie algebra. Then [si,g+] = 0. Since p(r) acts by scarlar operators 

and p is a finite dimensional representation, it foUows that [7r^^(g+),6] = O, i.e., p(7r^^(g+)) consists of 
intertwining operators of pjn, i.e., p(7r^^(g+)) = C • 1 and, since p is faithful, then 7r^^(g+) = r implying 

g+ = 0. D 

Al. 5. 2. Now, let g contain an ideal É of the form {Al.l). The central extensión is dcfined by a cocycle 
c : g X g — > C. The cocycle condition is 

c(/, [g,h]) = c{[f,g],h) + (- 1)^(^)^(9) c(.g, [f,h]) for any/,.g,/i G g. 

As earlier, we assume that g has a faithful finitedimentional representation; so the rcstriction of c to gg x gg 
is trivial. Besides, cjggxgi = O by parity considerations. Therefore, 

c|g5X0 = O. (Al.2) 

Lemma . Set £™ = 1) ® A'"(Ci, . . . ,^„). We have c|£-x£" = 0. 
Proof. If n = 2fc + 1 the condition (Al.2) means that 

c|f)i0A"(í)xl,i(»A"(C) =0. 

Let 51, /ii G f)i and /ig G f)o- Then 

c(/o «> Cl Cn, bl, ft-l] «) Cl C«) = -c(/o «) Cl 61, [ffl «> Cl Cn, /il]) = 

-c([/o«'Ci ^n,5i«'Ci C«],ft-i)-c(gi(X)6 CnJ/o®Ci C«,/il]) = 0. 

Since ()o = [()i, ()i] (by Lemma Al. 3), it foUows that c\s,^xs.^ — 0. 
If n = 2fc the condition (Al.2) means that 

c|f)o'»A"(í)xl,o(»A"(í) =0. 



MAXIMAL SUBALGEBRAS OF MATRIX LIE SUPERALGEBRAS 15 

Let fi,hi G [)i and gn •= í)o- Then 

c(/l «) 6 Cn, [ffO: hl](S^i C«) = -c(/l «) Cl 6i, [ffo «> Cl Cn, ^il]) = 

-c([/i«)Ci Cn,5o«'Ci C«],^i)-c(go«)Ci CnJ/l'X'Cl C«,/il]) = 0. 

Sincc ()j = [()q, ()j] (by Lemma Al. 3), it foUows that c|£nx£" =0. D 

Al. 5. 3. Lemma . c\¡^ky,¡<m ~ O for any m = O, 1, . . . , n and k = n — m, n — m + í, ... , n. 

Proof. Wc will perform the inverse double induction on k and m. For k = m = n Lemma Al. 5. 2 will do. 

Let the statement be true for all k > kg and ko + m > n. Let us show that it is true for k = kg SiS welL 
Observe that due to seo. A2.6, § contains n elements rji such that ad?7i|i, — d^¿ + Di, where Di E riect(0|n) 
and degA > O in the natuaral grading of Oect. Let (p e A'^°+^(^i, . . . ,Cn),ip G A™(^i, . . . ,^„); g,h e \) 
and p{g (^tp) — 0; p{h (^^p) = 1. 
Then we have 

c{[rj„g^ip],h(E)ip) = (-1)^(9)0(5 (g)77,(^),/i(»V) 
= (-1)P(9) (c(5 (g,^,h(g)i^)+c{g(g) D.ifi, /i ® V)) • 

As to Di(p e © A^(^), the last summand is equal to zero by the inductivo hypothesis. 

s>ko + l 

On the other hand, 

c{[rii,gig) (p],hig)-)p) = c{rii, [g ¡^ (p, /i (g) ■0]) + c([?7i, ft, (g) -0], 5 (8) (f). 

As deg (p + deg 'ip^kQ + l + m>n, the bracket in the first summand above is cqual to 0. The second 
summand is cqual to O by (Al. 2). So c{g (g) -^^ , h (g) tp) ^ O , for arbitrary g (g) ^ £ £'¡" and hígtp e £f . D 

Al. 5. 4. Lemma . É has no faithful irreducible finite dimensional representations. 

Proof. Word-for-word proof of Lcmmas Al. 2.1 with the hclp of Lcmmas Al. 5. 2 and Al. 5. 3. D 



Corollary . p can not be of type A with résped to the ideal É. 



Appendix 2: BACKGROUND 

A2.1. Linear algebra in superspaces. A superspace is a Z/2-gradcd space; for a superspace V = V(¡(BVi 
denote by n(y) another copy of the same superspace: with the shifted parity, i.e., n(T^) — l^^j. 

A superspace structurc in V induces the superspace structurc in the space End(í^). A basis of a superspace 
is always a basis consisting of homogeneous vectors; let Par — [pi, . . . ,pdimv) be an ordered coUection of 
their parities, called the format of V . 

A supermatrix of format (size) Par is a dim V x dim V matrix whose ith row and column are said to be 
of parity p¿. The matrix unit Eij is supposed to be of parity pi + Pj and the bracket of supcrmatriccs (of 
the same format) is defined via Sign Rule: 

if something of parity p moves past something of parity q the sign (—1)'"' accrues; the formulas defined on 
homogeneous elements are extended to arbitrary ones via linearity. 

For cxample: [X, F] = XY — (— 1)p(^)p(^)fX; the sign A of the exterior or wedge product is also 
understood in this tcxt in the supersence, etc. 

Usually, Par is of the form (O, . . . , O, I, . . . , I). Such a format is called standard. 

The general linear Lie superalgebra of all supermatrices of size Par is denoted by Ql{Par), usually 
g[(0, . . . , 0, 1, . . . , i) is abbreviated to 0[(dim Vfj| dimFj). 

The supercommutative superalgebra with unit generated by odd indeterminates 9i, . . . ,0„ is called Grass- 
mann superalgebra and is denoted by A(n) or A{0). The Lie superalgebra of superderivations of C[x,9] is 
denoted by Vect{m\n). Clearly, every element from üect(?n|n) is of the form 

í=i * j=i ■> 

Define the divergence of a vector field setting 

m íl" Pl "^ Pl f ^ Pl 

a„,E/.(M)¿+i:M..«)^)^i:g+i:(-i)*'||- 

i— 1 i— 1 "i— 1 J — 1 

The Lie superalgebra of divergence- free vector fields is denoted by sücct(?7í,|n). 
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A2.2. General linear superalgebras and irreducibilities: two types. The Lie superalgebra 2Í{m\n) 
is called the general Lie superalgebra. Its supcrmatriccs (in tlic standard format) can be expressed as the 
suní of tlic evcn and odd parts: 

,c d)-[o d) + [c 0^ 

The supertrace is the map 2l{Par) — > C, (Aij) h^ '^{—ly'Au. The space of supertraceless matrices 
constitutes the special linear hie subsuperalgebra sl(Par). 

There are, however, two super versions of g[(n), not one. The other versión is called the qeerlAe superal- 
gebra and is defined as the one that preserves the complex structure given by an odd operator J, i.e., is the 
centralizcr C{J) of J: 

q(n) = C{J) = {X e Q{{n\n) : [X, J] ^ 0}, where J^ = -id. 

It is clear that by a change of basis we can reduce J to the form J2n = , rT ) ■ ^^ ^^'^ standard format 
we have 

On q(n), the queer trace is defined: qtr : I „ /i ) '"^ irB. Denote by sq(n) the Lie superalgebra of 

queertraceless matrices. 

Observe that the identity representations of q and sq in V, though irreducible in supersetting, are not 
irreducible in the nongraded sence: take homogeneous linearly independent vectors Wi, . . . , w„ from V; then 
Span{vi + J{vi), . . . , u„ + J(w„)) is an invariant subspace of V which is not a subsuperspace. 

A representation is called irreducible of G-type if it has no invariant subspace; it is called irreducible of 
Q-type if it has no invariant substíperspace, but has an invariant subspace. 

A2.3. Lie superalgebras that preserve bilinear forms: two types. To the linear map F of superspaces 
there corresponds the dual map F* between the dual superspaces; if A is the supermatrix corresponding to 
i^ in a format Par, then to F* the supertransposed matrix A"* corresponds: 

The supermatrices X E Ql{Par) such that 

X'^B + (-1)p(^)p(s)bx ==.0 for a homogeneous matrix B e QÍ{Par) 

constitute a Lie superalgebra aut(i?) that preserves a homogeneous bilinear form on V with matrix B. 
Recall that the super symmetry of the homogeneous form lo means that its matrix F satisfies the condition 



F^ — F, where F^ = \ "^ j I for the matrix F = I I , where the subscripts n and m indícate 

the size of the square matrices. 

A nondegenerate supersymmetric cven bilinear form can be reduccd to a canonical form whosc matrix in 
the standard format is 

Bev{m\2n) = I q j ) ' where J2„ = I -j^ ^ 
or 

\ U J2n 

The usual notation for avii{Bev{Par)) in the standard format is osp(m|2n) = osp*^(TO|2n). (Observe that 
the passage from V to n(y) sends the supersymmetric forms to superskew-symmetric ones, preservad by 
sp'o(2n|m) = osp'''^(m|2n).) 

In the standard format the matrix realizations of these algebras are: 

'E Y -A*\] 
O0p(m|2n) ^ {\ X A B > ; osp'''^(2n|m) = 

^yt (j A'l ] 

where I „ 4* ) '= Sp(2n) and E e o{m). 

A nongegenerate supersymmetric odd bilinear form Bodd{iAn) can be reduced to a canonical form whose 
matrix in the standard format is J2n- A canonical form of the supcrskcw odd nondegenerate form in the 



A 


B 


X 


C 


-A' 


yt 


yt 


-A* 


E 



a 
c 


-«■) 


fa' 


-':■■)] 


+ tr ce' 


■ z. 
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standard format is n2„ = I _. " ) . The usual notation for avAiB odd{Po-TY] is pe*^(n). The passage from 

V to n(í^) sends the supersymmetric forms to superskew-symmetric ones and establishes an isomorphism 
pe*^(2n|TO) = pe*'^(n). This Lie superalgebra is called periplectic. The matrix reaUzations in the standard 
format of these superalgebras is: 

pey{n) - I ("^ _^^^ , where B ^ B\C ^ -C*; 
pe"'^ (n) = I ( ¿ _'^í ) , where B = -B\C = C* 

The special periplectic superalgebra is spe(n) — {X e pe(íi) : strJÍ == 0}. 

A2.4. A. Sergeev's central extensión. A. Sergeev proved that there is just one nontrivial central 
extensión of spe(n). It exists only for n — A and is denoted by as. Let us represent an arbitrary element 
j4 € as as a pair A — x + d ■ z, where x G spe(4), d £ C and z is the central element. The bracket in as in 
the matrix form is 

' a b \ , fa' b' \ ,, ' ' 
c -a^)+''-'\e' -a'^)+'^- 

A2.5. Projectivization. . If s is a Lie algebra of scalar matrices, and g C g[(n|n) is a Lie subsuperalgebra 
containing s, thcn the projective Lie superalgebra of type g is pg = g/s. Lie superalgebras gi Q g2 described 
in Introduction are also projective. 

Projectivization sometimos leads to new Lie superalgebras, for example: pgl(ri|n), psl(ri|n), pc|(n), psq(n); 
whereas pQÍ{p\q) = sl{p\q) ií p ^ q. 

A2.6. Simplicity. The Lie superalgebras sl{m\n) for m > n > 1, psl(n|n) for n > 1, psq(n) for n > 2, 
osp(m|2n) for mn ^ O and spe(n) for n > 2 are simple. 

We say that t) is almost simple if it can be included (nonstrictly) between a simple Lie superalgebra s and 
the Lie superalgebra í)er s of derivations of the latter: s C 1} C íier s. 

By definition g is semisimple if its radical is zero. V. Kac [K] described scmisimple Lie superalgebras. Let 
Si, ... , Sfc be simple Lie superalgebras, let ni, ... , n^ be pairs of nonnegative integers Uj = (n",nj), T{nj) 
be the supercommutative superalgebra of polynomials of n^ even and tÚ odd variables, and s — 0Sj ®T{nj). 
Then Dtxs = {{derSj) ® ^{rij) 5 1 (X) t)ecí(nj)). Let g be a subalgebra of Oers containing s. 

1) If the projection of g on 1 ® Oecí(nj)_i coincides with Ciecí(nj)_i for each j — l,...,fc, then g is 
semisimple. 

2) AU semisimple Lie superalgebras arise in the manner indicatcd. For finito dimensional g all the 
ingredients must be also of finito dimensión, e.g., n" = O for all j. 

A2.7. Lemma . 1) Let g be an irreducible (in V) finite dimensional matrix Lie superalgebra. Then the 
space B of Q-invariant bilinear forms on V is at most 1- dimensional. 
2) //dim,8 = 1 or s, then g is G-irreducible. 

Proof Since the kernel of any g-invariant form is a g-invariant subspace, every g-invariant form is either 
nondegenerate or identically zero. 

Let ,B ^ 0; let i? S yS be a nondegenerate form. We denote its Gram matrix also by B. The invariance of 
B means that 

X^'B + {-l)P^^^P^^^BX = O for any A e g, or X'' = -{-1)p<-^^p'^^'^ BXB'K {A2.1) 

For anothcr form C E B we have from (A2.1): 

(^^l)p(B)pix)QXB-^C + (-1)P(C^)P(-^)CA = O 

implying that X preserves the operator with matrix B~^C. 

If g is G-irreducible, this immideately implies that B~^C = c • id, i.e., B = c ■ C for a constant c. 

If g is Q-irreducible, then B~^C G Span{id, J); in particular, dim,8o < 1 and dim,Bi < 1. Denote by 
sign the operator with matrix diag(l„, — Im) in the standard format; i.e., id on the even subspace and —id 
on the odd one. Supertransposing formula (A2.1) and taking into account that (A**)^ = sign ■ X ■ sign, we 
see that the form i3** sign is g-invariant. Having multiplicd (A2.1) by J** from the left and by J from the 
right and taking into account that [x, J] — O for any A e g, we sec that the form JBJ is also g-invariant. 
All the threc forms: B, B"* sign and JBJ are of the same parity and, thcrefore, are proportional. 
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líp{B) = 0, thcn 



O B2)' -^ " ^v O -^V ^ '^^■^ -[ O Bo 

If _B and S"* s¿gn are proportional, thcn onc of thc matrices Bq, B2 is symnietrie and the other one skew- 

symmetric. If B and JBJ are proportional, then thc matrices Bq and B2 are proportional. This holds 
simultaneously only if i?o = O and B2 = 0. 
lip{B) = T, thcn 

O Si\ ^,t . /O BW jr^r Í o Bz 

B, 0)' 5"-5n=U qM, ./SJ-Í 5^ o 



implying Bi = B^ = Q. 

Therefore, if q is Q-irreduciblc, then B = 0. 

D 
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